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Abstract: We analyse the BRST cohomology of the Ramond sector of heterotic am-
bitwistor theory. We also write the free string field theory action and compute the super-
symmetry transformations.
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1 Introduction.
The ambitwistor string was introduced by Mason and Skinner in [1] as a string theory
whose tree amplitudes reproduce the Cachazo-He-Yuan formulas for massless scattering [2].
It contains only left-moving worldsheet fields and has no massive states. As described in
[1], it is the α′ → 0 limit of superstring theory, even though only the GSO(+) sector of the
Type II version correctly describes d = 10 N = 2 supergravity.
The spectra was identified in [3] using the standard BRST method where equations of
motion and gauge invariances are derived from the cohomology at ghost-number 2 of the
BRST operator. The quadratic term for the string field theory action was also constructed
in a gauge-invariant manner; and except for the GSO(+) sector of the Type II ambitwistor
string, the kinetic terms for the other ambitwistor strings are non-unitary, i.e. they contain
more than two derivatives. In this paper, we focus on the Ramond sector of heterotic
ambitwistor string. We want to understand if the fermionic spectra of the theory is given
by non-unitary equations of motion, and study the supersymmetry transformations of these
non-unitary systems.
Section 2 reviews the ambitwistor model and sets our notation. It can be skipped on a
first reading.
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We start in section 3, where we use the standard BRST method to compute the equa-
tions of motion of the Ramond sector for the heterotic system. These represent the fermionic
degrees of freedom of the theory, and our analysis shows that they also follow non-unitary
equations of motion. We write a gauge-invariant version of theory in terms of Fronsdal
fields[4]. The kinetic term of the fermionic ambitwistor string field theory action is also
computed in section 4. It is expressed in terms of gauge-invariant objects and resembles
Fronsdal’s free action despite having more derivatives.
Finally, in section 5 we write the supersymmetry transformations of the system. In RNS
language, the supersymmetry operator is defined on-shell and thus gives the supersymmetry
transformations up to equations of motion. Then we prove the invariance of the action under
supersymmetry transformations.
2 Ambitwistor Action and Ramond Sector.
We first review the ambitwistor model. Its main purpose is to set the basic definitions and
notation.
The heterotic ambitwistor model is defined by the free action
S =
1
2pi
∫
d2z
(
pm∂¯x
m + ψm∂¯ψ
m + b∂¯c+ b˜∂¯c˜+ β∂¯γ + Sj
)
(2.1)
where pm is a worldsheet holomorphic one-form and x
m is an holomorphic coordinate
function. The b and c fields together with β and γ are the Faddeev-Poppov ghosts of su-
perconformal worldsheet symmetry. Particular to the heterotic model, we have the current
action Sj; its specific form is irrelevant for us, we only require the existence of a current j
a
with conformal weight 1 that satisfies the OPE
ja(z)jb(w) ∼ δ
ab
(z − w)2 +
fabc j
c(w)
(z − w) , (2.2)
being fabc the structure constants of the Lie algebra in question. The Ambitwistor model
differs from the superstring due to the presence of the b˜ and c˜ ghosts related to the gauge
symmetries of the light-cone constrain: p2 = 0. These ghosts have conformal weights 2 and
−1 respectively and both are worldsheet fermions.
Our Majorana spinors ψm will be rewritten in the complex linear combinations:
ψ±i =
1√
2
(
ψ2i−1 ∓ ψ2i) (2.3)
for i = 1, . . . , 5 that are subsequently bosonized to
ψ±i(z) = exp
(
± φi(z)
)
c±ei (2.4)
with φ’s satisfying
φi(z)φj(w) ∼ + δij ln(z − w) (2.5)
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The (β, γ) system is bosonized with extra fermions (ξ, η)[5], both primaries of conformal
weight 0 and 1 respectively:
β = ∂ξe−φ6ce6 and γ = ηe
φ6ce6 . (2.6)
This choice follows the conventions of [6] and [7] where we have introduced the cocycles cei
and ce6 . During the computation of cohomology, cocycle factors are important and must
be taken into account. The definition of cocycles depends on the way we order the different
φi. For us the chiral bosons corresponding to ψ
m are ordered from 1 to 5 while the boson
coming from the βγ system is labeled as 6. A review of how to operate with cocycles can
be found in [6] and a brief explanation is written in appendix A. The sixth boson has OPE:
φ6(z)φ6(w) ∼ − ln(z − w) (2.7)
while (ξ, η) form a free system:
ξ(z)η(w) ∼ 1
(z − w) (2.8)
The symmetries of this action are encoded in the following BRST charge:
Q =
∮
dz
2pii
[
c
(
Tmatter + Tb˜c˜ + Tβγ +Tj
)
+ bc∂c+
1
2
c˜p2 + γpmψm − γ2b˜
]
(2.9)
provided
Tmatter = −pm∂xm + 1
2
5∑
i=1
∂φi∂φi, Tb˜c˜ = c˜∂b˜− 2b˜∂c˜, (2.10a)
Tβγ = −1
2
∂φ6∂φ6 − ∂2φ6 − η∂ξ, and γ2 = η∂ηe+2φ6 . (2.10b)
These are all the stress-energy tensors for (xm,pm, ψ
m), (β, γ) and (b˜, c˜). We only require
for the stress tensor of the current sector, Tj, that the following OPE is satisfied:
Tj(z)Tj(w) ∼ cj
2(z − w)4 +
2Tj(w)
(z − w)2 +
∂Tj(w)
(z − w) . (2.11)
Then, provided the central charge of the current system is 16, it is possible to show that
Q2 = 0 when the spacetime is 10-dimensional.
3 Cohomology.
In this section, we compute the ghost number 2 BRST cohomology of the Ambitwistor
string for states in the Ramond sector. The cohomology of the Neveu-Schwartz sector has
already been computed in [3].
We start by writing the most general vertex operator and the most general gauge
parameter. Once all equations of motion and gauge transformations are obtained, we solve
the algebraic gauge conditions to obtain a set of independent field equations.
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3.1 Vertex operators.
States are defined by picture number −1/2 and ghost number 2 BRST cohomology. We
define ghost and picture numbers by the expressions:
Nghost = −
∮
dz
2pii
(
bc+ b˜c˜+ ξη
)
and Npicture =
∮
dz
2pii
(
ξη − ∂φ6
)
. (3.1)
Vertex Operator. The most general ghost number 2 and picture number −1/2 vertex
operator that is annihilated by b0 is given by the sum,
VR = V+ + V−, (3.2)
where V+ and V− are the GSO(+) and GSO(−) combinations. The GSO(+) vertex oper-
ator is given by:
V+ = cηS
αeφ/2Aα + c˜ηS
αeφ/2Bα + cc˜S
α˙e−φ/2∂xmCmα˙ + cc˜S
α˙e−φ/2pmD
m
α˙+ (3.3)
+ cc˜Sα˙e−φ/2jaEaα˙ + c∂c˜S
α˙e−φ/2Fα˙ + cc˜S
α˙∂e−φ/2Gα˙+
+ cc˜ψm(/ψS)
αe−φ/2Hmα + cc˜∂c˜∂ξS
αe−3φ/2Iα + c˜∂c˜S
α˙e−φ/2Jα˙ (3.4)
while V− is obtained from V+ by changing the chirality of our spinors. Notice that the
vertices ψmψnSα˙ and ∂Sα˙ have not been written. In bosonized form, these combinations
are related to ψ/ψS via field redefinitions[6]; there is no need to worry about them.
Gauge vertex. As for the gauge transformations, we parametrize them by ghost number
1 and picture number −1/2 vertex operators:
Λ = cSα˙e−φ6/2λα˙ + c˜S
α˙e−φ6/2ωα˙ + cc˜∂ξS
αe−3φ6/2µα. (3.5)
Both expressions (3.2) and (3.5) constitute the basic field content of BRST cohomology.
3.2 Equations of motion and gauge symmetries.
For clarity we consider only the GSO(+) sector. The GSO(−) is obtained by replacing
chiral indices for anti-chiral and vice-versa. We present the equations of motion organized
by ghost number as they were obtained from the OPE of Q and V+. We also write the
worldsheet operator that multiplies the resulting equation of motion.
• For (2c, 1c˜) multiplying (Sα˙e−φ6/2cc˜∂2c):
+
1
2
∂mD
m
α˙ + Fα˙ −
3
8
Gα˙ − 9
4
(Γm)βα˙Hmβ = 0 (3.6)
• For (0c, 1c˜) multiplying (Sα˙e3φ6/2c˜η∂η):
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+ Jα˙ − i√
2
(Γm)βα˙∂mBβ = 0 (3.7)
• For (1c, 0c˜) multiplying (Sα˙e3φ6/2cη∂η):
− i√
2
(Γm)βα˙∂mAβ −Gα˙ + Fα˙ = 0 (3.8)
• For (1c, 2c˜)
– multiplying (Sαe−φ6/2cc˜∂c˜pm):
− 1
2
Dmα˙ +C
m
α˙ − ∂mFα˙ −
i√
2
(Γm)βα˙Iβ = 0 (3.9)
– multiplying (Sα˙e−φ6/2cc˜∂2c˜):
− 1
2
∂mCmα˙ − Jα˙ = 0 (3.10)
– multiplying (Sα˙e−φ6/2cc˜∂c˜∂xm):
− 1
2
Cmα˙ − ∂mJα˙ = 0 (3.11)
– multiplying (Sα˙e−φ6/2cc˜∂c˜∂φ6):
+
1
4
Gα˙ +
1
2
Jα˙ +
i√
2
(Γm)βα˙∂mIβ = 0 (3.12)
– multiplying (cc˜∂c˜ψm(/ψS)α):
+
1
2
Hmα −
i
4
√
2
∂mIα +
i
8× 9√2(Γm)
β˙
α(/∂I)β˙ +
1
9× 4(Γm)
β˙
αJβ˙ = 0 (3.13)
• For 1c, 1c˜
– multiplying (Sαeφ6/2cη∂c˜):
− 1
2
Aα +Bα + 2Iα − i√
2
(Γm)β˙α∂mFβ˙ = 0 (3.14)
– multiplying (Sαeφ6/2cc˜η∂xm):
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− ∂mBα + i√
2
(Γn)β˙α∂nCmβ˙ = 0 (3.15)
– multiplying (Sαeφ6/2cc˜ηpm):
−∂mAα+ i√
2
(Γn)β˙α∂nD
m
β˙
+
i
2
√
2
(Γm)β˙αGβ˙−
i8√
2
Hmα −
i√
2
Hβn(Γ
n)βα˙(Γ
m)α˙α = 0 (3.16)
– multiplying (Sαeφ6/2cc˜∂η):
−Bα + 3Iα + i√
2
(Γm)β˙αCmβ˙ −
i
2
√
2
(Γm)β˙α∂mGβ˙ +
8i√
2
∂mHαm+ (3.17)
+
i√
2
(Γn)β˙α(Γ
m)τ
β˙
∂nHτm = 0
– multiplying (Sαeφ6/2cc˜η∂φ6):
1
2
Bα + 4Iα +
i√
2
(Γm)β˙αCmβ˙ −
i√
2
(Γm)β˙α∂mGβ˙ +
8i√
2
∂mHαm+ (3.18)
+
i√
2
(Γn)β˙α(Γ
m)τ
β˙
∂nHτm = 0
– multiplying
(
ηcc˜ψm(/ψS)α˙eφ6/2
)
:
+
i
2
√
2
[
1
4
∂mGβ˙ −
1
9× 8(Γm)
τ
α˙(/∂G)τ
]
− i√
2
[
1
4
Cα˙m − 1
9× 8(Γm)
τ
α˙(/C)τ
]
+
− i√
2
[
− 1
4
(Γn)βα˙∂mHβn − (Γn)βα˙∂nHβm +
1
9
(Γm)
β
α˙∂
nHβn
]
+ (3.19)
+
1
36
(Γm)
α
α˙Bα −
i√
2
[
1
9× 8(Γm)
β
α˙(Γ
l)β˙β(Γ
p)τ
β˙
∂lHτp
]
= 0
These 14 equations of motion are all invariant under the following 10 gauge transformations:
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δAα = +
i√
2
(Γm)β˙α∂mλβ˙ + 2µα (3.20a)
δBα = +
i√
2
(Γm)β˙α∂mωβ˙ (3.20b)
δIα =
1
2
µα (3.20c)
δHmα =
1
9× 4(Γ
m)β˙αωβ˙ +
i
4
√
2
∂mµα − i
8× 9√2(Γm)
β˙
α(/∂µ)β˙ (3.20d)
δCmα˙ = ∂mωα˙ (3.20e)
δDmα˙ = ∂mλα˙ −
i√
2
(Γm)βα˙µβ (3.20f)
δEAα˙ = 0 (3.20g)
δFα˙ = −1
2
λα˙ + ωα˙ (3.20h)
δGα˙ = ωα˙ − 2i√
2
(Γm)βα˙∂mµβ (3.20i)
δJα˙ = −1
2
ωα˙ (3.20j)
We determined the basic content of ghost number 2 BRST cohomology; all equations
of motion have been written between (3.6) and (3.19). This set is highly redundant, and
the next step is to use (3.20) to stablish the independent field equations.
3.3 Gauge-fixing and independent equations of motion.
In order to find the independent set of equations of motion, we begin by fixing algebraic
gauge conditions and solving auxiliary field equations. Let us gauge-fix A and F to zero
using the parameters µ and ω, that is, we choose µ = −A and ω = −F so that the residual
gauge parameters µ′ and ω′ must satisfy:
µ
′
α +
i
2
√
2
(Γm)β˙α∂mλβ˙ = 0, (3.21)
and
ω
′
α˙ −
1
2
λα˙ = 0. (3.22)
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After this gauge fixing, the following auxiliary field conditions can be imposed:
Gmα˙ = 0, (3.23a)
Bα = −2Iα, (3.23b)
Cmα˙ = +
1
2
Dmα˙ +
i√
2
(ΓmI)α˙, (3.23c)
Jα˙ = −1
4
 ∂mD
m
α˙ −
i
2
√
2
(/∂I)α˙, (3.23d)
Hmα =
1
8
/∂
β˙
αD
m
β˙
− 1
18× 8(Γ
mΓn /∂)
β˙
αD
n
β˙
. (3.23e)
At this point it is already clear that there only remains two independent fields given by Dmα˙
and Iα. Moreover, the only remaining gauge parameter is λ. We leave the gluino field E
a
β˙
out of the discussion since its equation of motion is already the Dirac equation and it has
no gauge transformations.
Finally, the following set of 3 equations,
i√
2
∂mIα = 
(
1
4
/∂
β˙
αD
m
β˙
− 1
12
(Γm)β˙α∂nD
n
β˙
)
(3.24a)
2∂mD
m
α˙ + (ΓnΓp)
β˙
α˙∂
nD
p
β˙
= 0 (3.24b)
/∂
α˙
αE
a
α˙ = 0 (3.24c)
with the corresponding gauge transformations:
δDmα˙ =
3
4
∂mλα˙ − 1
4
(Γmn) β˙α˙ ∂nλβ˙ (3.25a)
δIα = − i
4
√
2
/∂
β˙
αλβ˙ (3.25b)
defines the spectrum of the theory.
Gauge-invariant description. Consider the following field redefinitions:
dmα˙ = D
m
α˙ −
1
6
(Γm)αα˙ /Dα (3.26a)
iα = +
i4√
2
Iα +
1
6
 /Dα (3.26b)
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such that our gauge transformations are mapped to
δdmα˙ = ∂
mλα˙ and δiα = 0. (3.27)
The gauge-invariant object is then naturally defined as:
Fmnα˙ = ∂mdnα˙ − ∂ndmα˙ (3.28)
which allows us to write the equations of motion in the following form:
∂miα = Fmα (3.29a)
and
(/F)α˙ = 0 (3.29b)
where
Fmα ≡ (Γn)α˙αFmnα˙ = (/∂dm − ∂m/d)α. (3.30)
In the formulation of free higher-spin theories Fm is called Fronsdal tensor[4], it is the
analog of the Ricci curvature in spin 2 formulation.
This section started with the most general ghost number 2 picture−1/2 vertex operator.
Then we obtained all equations of motion from the BRST method together with all gauge
transformations parametrized by ghost number 1 picture −1/2 vertex operators. By fixing
some of this gauge freedom, we have found a independent set of equations of motion that
can be parametrized by Fronsdal fields. The next natural step is to write the spacetime
action that gives the dynamics of this system.
4 Action
The kinetic term of the ambitwistor string field theory was defined in [3]:
S[V ] = 〈I ◦ V (−3/2)(0) ∂cQV (−1/2)(0)〉, (4.1)
where V −1/2 is the vertex operator (3.2) introduced in the previous section, an element of
the small Hilbert space that is also constrained to satisfy L0V = b0V = 0. The RNS string
has one additional feature: the picture number. It is necessary to saturate the background
charge of supermoduli space to −2, and that is why we need a string field with picture
−1/2, V −1/2, together with a string field with picture −3/2, V −3/2. We define picture
raising, Z, and picture lowering, Y , by the following expressions:
Z = c∂ξ + eφ6pmψ
m − ∂(e2φ6ηb˜)− e2φ6∂ηb˜, (4.2)
Y (z) = c˜∂ξe−2φ6 , (4.3)
so that we can obtain V −3/2 from V −1/2 via
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V −3/2(z) =
1
2pii
∮
dw
(w − z)Y (w)V
−1/2(z). (4.4)
Using the auxiliary gauge-fixing conditions imposed on the previous section, we obtain
V −3/2 = (4.5)
+ c˜∂c˜Sαe−3φ6/2Bα − cc˜∂c˜∂ξSα˙e−5φ6/2∂xmCmα˙ − cc˜∂c˜∂ξSα˙e−5φ6/2pmDmα˙
− cc˜∂c˜∂ξSα˙e−5φ6/2jaEaα˙ − cc˜∂c˜∂ξψm(/ψS)αe−5φ6/2Hmα −
1
2
cc˜∂c˜∂ξ∂2c˜∂2ξSαe−7φ6/2Iα
(4.6)
The composition I ◦ V −3/2 is the BPZ conjugate of the picture −3/2 field with I = −1/z.
We should be careful when computing the conformal transformation I ◦ V −3/2 because
V −1/2 is not primary. From the OPE with the stress-energy tensor
T (z)V −1/2(0) ∼ z−3Sα˙e−φ6/2cc˜
(
1
2
∂mD
m
α˙ + Fα˙ −
3
8
Gα˙ − 9
4
/Hα˙
)
+ · · · (4.7)
we obtain a cubic pole contribution that changes the finite conformal transformation to
I ◦ V =
[
V
(
I(z)
)
+
1
2
I ′′(z)
[I ′(z)]2
#
(
I(z)
)]
. (4.8)
where # is cubic pole coefficient. Even after the auxiliary conditions are imposed we still
have non-primary contributions that must be taken into account.
To calculate the free action, we fix the normalization 〈c∂c∂2cc˜∂c˜∂2c˜e−2φ6〉 = 4, then
the correlation function (4.1) gives the following gauge-invariant action:
SR = −
∫
d 10x
[
1
2
dmα
(
Fmα − 1
2
(γm)αβ /F
β
)
+
1
2
(/F)αiα − i
2
Tr
(
E/∂E
)]
. (4.9)
In this expression we used the symmetric gamma matrices (γmαβ , γ
αβ
m ) defined in appendix
A. When using these symmetric matrices, the charge conjugation is used to eliminate all
dotted indices; different chiralities are just represented by upper and lower indices, i.e.
(Cαα˙dmα˙ = d
mα).
We have written a non-unitary action that gives the equations of motion obtained in
(3.29). It closely resembles the gauge-invariant formulation of spin 3/2, the difference being
the presence of more derivatives. Let us proceed and study the supersymmetry of this
non-unitary system.
5 Supersymmetry.
Let us define the supersymmetry generator as
Q−1/2α =
1
2pii
∮
dz Sαe
−φ6/2 (5.1)
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Notice that it carries picture, which means that supersymmetry algebra only closes on-shell.
We need the picture 1/2 supersymmetric charge:
Q1/2α =
1
2pii
∮
dz
[
ipm(γ
m)αβS
βeφ6/2 + b˜ηSαe
3φ6/2
]
. (5.2)
to obtain {Q−1/2α , Q1/2β } = 2γmαβpm. In practice, supersymmetry transformations are written
up to equations of motion. One also needs to choose a GSO sector to have well-defined
supersymmetry transformations, otherwise there will be branch cuts. Given the generator
(5.1), we need use the GSO(+) vertex operator.
5.1 Supersymmetry transformations of NS and R sectors.
The Neveu-Schwarz vertex operator in picture −1 was written in [3]:
V −1NS =
e−φ6cc˜
[(
G
(1)
(mn) +B
(1)
[mn]
)
pmψn +
(
G
(2)
(mn) +B
(2)
[mn]
)
∂xmψn + Cmnpψ
mψnψp + jaψmAam
]
+ e−φ6cc˜∂ψmA(4)m + ∂φ6e
−φ6cc˜A(3)m ψ
m + ∂ξe−2φ6∂2c˜c˜cS(4) + ηcS(1) + ∂ξe−2φ6∂2ccc˜S(2)
+ . . . (5.3)
where . . . depends only on the previous fields. In [3], the fields (B
(1)
mn, A
(3)
m , A(4), S(1), S(2)) of
(5.3) were gauged to zero. If we choose to keep this gauge, we must observe that in general
supersymmetry does not preserve a given gauge condition. Therefore when calculating
supersymmetry transformations, we have to choose the gauge parameter Λ:
δζV
−1
NS =
[
ζQ−1/2, V
−1/2
R
]
+
[
QBRST ,Λ
−1
]
, (5.4)
which is a vertex operator of ghost number 1 and picture−1, to ensure that δζ(B(1)mn, A(3)m , A(4),
S(1), S(2)) all give zero. In the transformations below, the contributions of H are due to
the gauge-fixing of these auxiliary fields:
δζG
(1)
mn = 2(ζγ(mDn)) (5.5)
δζG
(2)
mn =
2
5
(ζγ(nCm))−
48
5
∂(nζHm) (5.6)
δζB
(2)
mn = −4(ζγ[nCm])−
48
5
(ζ∂[mHn]) (5.7)
δζCmnp =
3
2
∂[p(ζγmDn])− 24(ζγ[npHm]) + 6(ζγmnp /H) (5.8)
and using the field redefinitions of [3]:
hmn = G
(1)
mn +
1
4
ηmnh
r
r, t =
1
4
hmm +G
m(2)
m and B
(2)
mn = Bmn (5.9)
we arrive at
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δζhmn = 2ζγ(mdn) (5.10)
δζt = ζi (5.11)
δζCmnp = −3(ζγt[mnFtp])− 3(ζγ[mFnp]) (5.12)
δζBmn = −2(ζγ[mdn])− (ζγmni) +
1
6
(ζγmn∂pF
p) (5.13)
δζA
a
m =
i
2
(ζγmE
a). (5.14)
The term (ζγmn∂pF
p) is zero if we use the equation of motion /F = 0, and so could not have
been obtained from the supersymmetry generator (5.1). This term was added by hand in
order to make the action invariant under supersymmetry.
For the Ramond sector the same can be done if we use instead the picture +1/2
supersymmetry generator (5.2):
δζd
α
m = +(γ
rsζ)α∂shmr − 2(γnpζ)αCmnp + 1
3
(γmnpsζ)C
nps (5.15)
δζ iα = 2(ζ/∂)αt− (γmnpζ)αHmnp + 1
3
(γmnpζ)αCmnp (5.16)
δζE
aβ = −1
4
Fmn(γ
mnζ)β (5.17)
At this point, we have obtain the supersymmetry transformations of both NS and R
system for the independent fields of the theory in equations (5.10) to (5.9). Let us proceed
and check that indeed the total GSO(+) action is supersymmetric invariant.
5.2 Supersymmetry invariance of the action.
The action that describes the Neveu-Schwarz sector is
SNS = −
∫
d10x
[
1
2
hmn
(
Rmn − 1
2
ηmnR
)
− tR+ 1
4
Tr(FmnFmn)+
−CmnpHmnp + 1
2
Cmnp
(
Cmnp − 1
2
∂[p∂
rCmn]r
)]
(5.18)
where Hmnp is the field strength for Bmn and Rmn is the Ricci tensor. This expression is
equivalent to the action written in equation (4.13) of [3] if we shift t by t 7→ t + R2. The
equations of motion derived from (5.18) are
Rmn − ∂m∂nt = 0 , R = 0 , Cmnp −Hmnp = 0 ,
∂mCmnp = 0 , and ∂mF
mn = 0. (5.19)
Now, the Ramond sector is described by equation (4.9):
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SR = −
∫
d 10x
[
1
2
dmα
(
Fmα − 1
2
(γm)αβ /F
β
)
+
1
2
(/F)αiα − i
2
Tr
(
E/∂E
)]
. (5.20)
from which we obtain the following set of equations of motion – (3.29):
∂miα = Fmα , /F
α
= 0 and i/∂αβE
aβ = 0. (5.21)
From now on, we leave the Yang-Mills system out of the discussion because its super-
symmetry transformations and action are already standard. For later use, let us write the
supersymmetry transformation for all field strengths:
δζRmn = (ζ∂(mFn)) + (ζγ(m∂
pFn)p) (5.22a)
δζHmnp = 3(ζγ[mFnp])− 3(ζγ[mn∂p]i) +
1
2
(ζγ[mn∂p]∂ℓF
ℓ) (5.22b)
δζF
α
mn = −2(γrsζ)αRmrsn + 4(γrpζ)α∂[nCm]rp −
2
3
(∂[nγm]rpsζ)
αCrps (5.22c)
δζFmα = +2(γ
nζ)αRmn − 2(γlnpζ)α∂lCmnp + 1
3
(γlmnpsζ)α∂
lCnps
+ 4(γnζ)α∂
pCmnp − (γmpsζ)α∂nCnps (5.22d)
δ /F
β
= 2ζβR− 6(γnpζ)β∂mCnpm (5.22e)
5.3 Supersymmetry for (hmn, t, i,d)
Let us consider the system:
S = −
∫
d10x
(
1
2
hmn
(
Rmn − 1
2
ηmnR
)
− tR
+
1
2
dmα
(
Fmα − 1
2
(γm)αβ /F
β
)
+
1
2
(/F)αiα
)
(5.23)
such that the
SNS variation is given by
δζ (−tR) = −ζαiαR− 2tζα∂pFpα
δζ
[
1
2
hmn
(
Rmn − 1
2
ηmnR
)]
= 2(ζγmdn)
(
Rmn − 1
2
ηmnR
)
and the
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SR variation is given by
δζ
(
1
2
dmα
(
Fmα − 1
2
(γm)αβ /F
β
))
= 2dmα
(
(ζγn)αRmn − 1
2
(ζγm)αR
)
= −2(ζγndm)
(
Rmn − 1
2
ηmnR
)
δζ
(
1
2
(/F)αiα
)
= ζαRiα + (/F)
α/∂αβζ
βt
= ζαiαR+ 2ζ
α(∂pF
p
α)t+ ∂(...)
where we have used (5.22) and (/∂ /Fζ) = 2(ζ∂pF
p). It is clear that the sum of all terms
cancels and invariance of this system is stablished.
5.4 Supersymmetry for (Hmnp, Cmnp,d
α
m, iα)
It remains for consideration the following system:
S = −
∫
d10x
(
− CmnpHmnp + 1
2
Cmnp
(
Cmnp − 1
2
∂[p∂
rCmn]r
)
+
1
2
dmα
(
Fmα − 1
2
(γm)αβ /F
β
)
+
1
2
(/F)αiα
)
(5.24)
In order to check supersymmetric invariance we have to gather all independent combination
of gamma matrices (γm, γmn, γmnp, γmnpp, γmnpqr). So consider the
SNS variation:
δζ(−CmnpHmnp) = +3
[
(ζγtmnF
t
p) + (ζγmFnp)
]
Hmnp − 3(ζγmFnp)Cmnp
− 3(ζγmni)∂pCmnp − 1
2
(ζγmn∂pF
p)∂pC
mnp + ∂(. . . )
δζ
[
1
2
Cmnp
(
Cmnp − 1
2
∂[p∂
rCmn]r
)]
=− 3 [(ζγtmnFtp) + (ζγmFnp)]Cmnp
+
1
2
[
(ζγmn∂
pFp) + (ζγm∂n /F)
]
∂rC
mnr + ∂(. . . )
and the
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SR variation:
δζ
(
1
2
/Fi
)
= −3(γnpζ)β∂mCnpmiβ − 1
2
/F
α
(γmnpζ)αHmnp +
1
6
/F
α
(γmnpζ)αCmnp
= +3(ζγnmi)∂pCnmp+
−
[
1
6
(ζγmnptsFts)Cmnp − (ζγtmnF pt )Cmnp − (ζγmFnp)Cmnp
]
+
[
1
2
(ζγmnptsFts)Hmnp − 3(ζγtmnF pt )Hmnp − 3(ζγmFnp)Hmnp
]
δζ
(
1
2
dαm
(
Fmα −
1
2
(γm)αβ /F
β
))
=
=
(
−2(γnpζ)αCmnp + 1
3
(γmnpsζ)
αCnps
)

(
Fmα −
1
2
(γm)αβ /F
β
)
= +2(F ml γ
lnpζ)Cmnp − 4(Fmnγpζ)Cmnp+
− 1
3
(Flmγ
lmnpsζ)Cnps − (F nm γpsmζ)Cnps+
−
[
1
6
(ζγmnptsFts)Cmnp − (ζγtmnF pt )Cmnp − (ζγmFnp)Cmnp
]
Recall that the γmnpqr is symmetric and γmnp is antisymmetric under the spinor indices.
Gathering all independent terms we confirm the system is supersymmetric.
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A Ramond sector, cocycles and Gamma matrices.
Spinor indices in 10 dimensions can be distinguished between chiral and anti-chiral. We
denote chiral indices by undotted greek letters, α, while anti-chiral indices are represented
by dotted greek letters, α˙. Both run from 1 to 16. Spinor indices are 5-dimensional vector
representations of u(5):
α˙ =
1
2

− − − − −− − − + +
− + + + +

 and β = 1
2

+ + + + ++ + + − −
+ − − − −

 . (A.1)
where an anti-chiral index, α˙, must have an even number of plus signs, and a chiral index,
β, must have an odd number of plus signs. Each of these combinations has 16 independent
components represented as 16 = 1+ 10+ 5.
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A.1 The Ramond Sector.
The Ramond sector of the Ambitwistor string is defined by the antiperiodic boundary
conditions of ψm:
ψm(e2πiz) = −ψm(z). (A.2)
We follow[5] and implement these boundary conditions via spin fields. That is, we have a
conformal primary S(z) that twists a periodic ψ:
ψm
(
z + (w − z)e2πi)S(z) = −ψm (w)S(z). (A.3)
This implies that a state |α〉 created from the vacuum |0〉 via
|α〉 = Sα(0)|0〉 (A.4)
should transform as a spacetime spinor. Notice that, due to the presence of S forcing ψ
to be in the Ramond sector, this state must belong to an irreducible representation of the
zero-mode Clifford algebra of ψm: {ψm0 , ψn0 } = ηmn, which implies
ψm0 |α〉 =
1√
2
Γmα
β˙
|β˙〉. (A.5)
A.2 Bosonization and cocycles.
Because Sα twists the boundary conditions of ψm, the system is not free and OPE’s are
difficult to compute. Bosonization is a technique that allows us to deal with free fields only.
Bosonization assigns for a pair of complex fermions one chiral boson, which means that we
have to break manifest so(10) invariance down to u(5).
Spin Fields. The bosonization of spin fields is given by
Sα(z) = exp
(
α · φ(z)
)
cα (A.6)
where α is a chiral spinor index. The same expression is valid for anti-chiral spin fields
by just replacing α for α˙. The factor cα is a cocycle phase that guarantees the correct
anticommutation relations.
Cocycles. The anticommuting fermionic algebra is reproduced in the bosonic system via
the Baker-Campbell-Hausdorff formula:
eφ(z)e±φ(z
′) = e±φ(z
′)e∓φ(z
′)eφ(z)e±φ(z
′) = −e±φ(z′)eφ(z) (A.7)
provided for |z′| = |z| we have[
φ(z′), φ(z)
]
= ±ipi which implies φ(z)φ(0) ∼ ln z (A.8)
Now, if we are given more than one pair of fermions, they won’t naturally anticommute
because [φi, φj ] = 0. This is corrected by the introduction of cocycles[6]:
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• Order all bosons of the theory: φi where i = 1, . . . , N ;
• Then multiply each exponential by a factor (−)N1+...+Ni−1 , where Ni is the fermion
number operator:
Ni = −
∮
dz
2pii
ψiψi =
∮
dz
2pii
∂φi. (A.9)
For example, if we consider two pairs of fermions, the bosonization becomes
ψ1 = e
φ1 , ψ1 = e
−φ1 (A.10)
with
ψ2 = e
φ2(−)N1 , ψ2 = e−φ2(−)N1 (A.11)
where now ψ1 and ψ2 anticommute
eφ1eφ2(−)N1 = eφ2eφ1(−)N1 = eφ2(−)N1(−)−N1eφ1(−)N1 = −eφ2(−)N1eφ1 (A.12)
provided
[
Ni, e
nφj
]
= nδije
nφj . (A.13)
Thus, for more than one pair of fermions, we need to introduce the cocycle phase factors:
ci = (−)N1 + ...+Ni−1 . (A.14)
Consider the vector
∂φ = (N1, N2, . . . , N5) (A.15)
then the cocycle factor can be written as
c±ei = exp [±ipi〈eiM∂φ〉] (A.16)
where ei is 1 in the ith component and zero elsewhere, 〈 〉 is a matrix inner product and
M is a lower triangular matrix with entries ±1:
M =


0 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
−1 1 −1 0 0 0
1 1 1 1 0 0
−1 −1 −1 −1 −1 0


.
The signs of M are arbitrary at this point, but they can be specified studying the charge
conjugation matrix[6].
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The cocycle factors of spin fields, cα and cα˙, are given the following expressions:
cα = exp [ipi〈αM∂φ〉] and cα˙ = exp [ipi〈α˙M∂φ〉] (A.17)
Gamma Matrices. To motivate the construction of gamma matrices and show how
cocycles work, let us consider the OPE between ψi and Sα. Using expressions (2.4) and
(A.6) we have to compute the OPE of eφi(z)ci with e
αφ(w)cα. Notice that ci will pass through
eαφ and due to Baker-Campbell-Hausdorff we obtain an extra phase:
cie
αφ = eiπ〈eiM∂φ〉eαφ = eiπ〈eiMα〉eαφci (A.18)
so that our OPE becomes
eφi(z)ci e
αφ(w)cα ∼ (z − w)α·ei eiπ〈eiMα〉e(ei+α)φci+α. (A.19)
Notice that we obtain a branch-cut if α · ei = αi = −1/2 which in turn implies that the
sum ei + α must be an anti-chiral index β˙. Therefore given
eφi(z)ci e
αφ(w)cα ∼ (z − w)−1/2 eiπ〈eiMα〉eβ˙φcβ˙ , (A.20)
we see that it becomes natural to define the gamma matrices as
(Γj)βα˙ =
√
2δ (ej + β − α˙) eiπ〈ejMα˙〉 (A.21a)
and
(Γj) β˙α =
√
2δ
(
ej + β˙ − α
)
eiπ〈ejMα〉 (A.21b)
giving us the final result:
ψi(z)Sα(w) ∼ 1√
2
Γi α
β˙
Sβ˙(w)
(z − w)1/2 . (A.22)
The explicit representation is written in terms of the Pauli-matrices via
Γ±ej = (±i)j−1
√
2
(
σ3⊗)j−1 σ∓ (⊗1)5−j (A.23)
and one can convert between u(5) and covariant so(10) using
Γ2j−1 =
1√
2
(
Γej + Γ−ej
)
(A.24a)
and
Γ2j =
i√
2
(
Γej − Γ−ej) (A.24b)
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Notice that in our construction, the notation γµ is reserved for the symmetric gamma
matrices:
γµαβ = Γ
µ β˙
α Cβ˙β (A.25a)
γµαβ = Γµα
β˙
C β˙β (A.25b)
as it is common in the literature. In above equations, C denotes the charge conjugation
matrix which is the next topic in our discussion.
Charge Conjugation Matrix. We define C as
Cββ˙ = δ
(
β + β˙
)
eiπβMβ˙ (A.26a)
and
C β˙β = −δ
(
β˙ + β
)
eiπβ˙Mβ (A.26b)
and with these convetions we have Cββ˙ = C β˙β . These expressions can be motivated by
studying the OPE of Sα and Sβ˙.
It is also common to use only undotted indices when describing spinors in 10d. Charge
matrices act as metrics on the spinor space and can remove all dotted indices. For us all
spinors are defined with upper indices and then anti-chiral ones are written as
Sβ = Cββ˙S
β˙. (A.27)
This notation is used together with the symmetric gamma representation.
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